The solution to the Strong CP problem is analysed within the Minimal Flavour Violation (MFV) context. An Abelian factor of the complete flavour symmetry of the fermionic kinetic terms may play the role of the Peccei-Quinn symmetry in traditional axion models. Its spontaneous breaking, due to the addition of a complex scalar field to the Standard Model scalar spectrum, generates the MFV axion, which may redefine away the QCD theta parameter. It differs from the traditional QCD axion for its couplings that are governed by the fermion charges under the axial Abelian symmetry. It is also distinct from the so-called Axiflavon, as the MFV axion does not describe flavour violation, while it does induce flavour non-universality effects. The MFV axion phenomenology is discussed considering astrophysical, collider and flavour data.
I. INTRODUCTION
The search for an explanation of the fermion mass heterogeneity and of the different mixing schemes in the quark and lepton sectors underwent to a strong activity in the last 40 years. Rejecting the anthropic creed, the best strategy is to add a flavour symmetry to the Standard Model (SM) gauge group: this symmetry rules the fermion couplings, explaining the observed flavour puzzle and determining the amount of flavour violation in the theory.
The simplest possibility consists in the Abelian continuous U (1) FN flavour symmetry, dubbed Froggatt-Nielsen (FN), first considered in Ref. [1] . Fermions may transform under the FN group and the Yukawa operators are invariant under U (1) FN transformations only introducing powers of an additional real scalar field φ, with a nontrivial U (1) F N charge. Yukawa terms turn out to be nonrenormalisable and then suppressed by suitable powers of the cut-off scale Λ F of the theory. Once the scalar field φ, typically called flavon, develops a vacuum expectation value (VEV) the flavour symmetry is spontaneously broken and the Yukawa matrices can be written in terms of powers of φ /Λ F . Fermion mass hierarchies and mixing angles can then be explained by an appropriate choice of the FN charges [2] [3] [4] [5] [6] [7] . The large number of free parameters, one for each entry of the Yukawa matrices, has the drawback of lowering the predictive power of the model: any value of fermion masses and mixings can indeed be reproduced. Moreover, in order not to spoil the so good agreement of the SM predictions on flavour observables with the experimental data, the scale Λ F is constrained to be much larger than the electroweak (EW) scale.
More economical models in terms of number of parameters have been proposed only subsequently, based on non-Abelian discrete or continuous symmetries. The first class of theories exhibited very predictive mass textures [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] and provided a certain protection from * fernando.arias@uam.es † luca.merlo@uam.es flavour violating processes [26] [27] [28] [29] [30] [31] [32] [33] [34] . However, the 2011 discovery of a non-vanishing, and relatively large, leptonic reactor angle [35] [36] [37] [38] [39] has raised strong doubts on the use of non-Abelian discrete models, whose most common prediction was a vanishing reactor angle. Non-Abelian continuous symmetries, instead, have shown to be effective to describe the SM flavour puzzle and to keep well under control flavour violating contributions from new physics. The most known context is the so-called Minimal Flavour Violation (MFV) that consists in the simple ansatz [40] that any source of flavour and CP violation in any theory Beyond the SM (BSM) is the one in the SM, i.e. the Yukawa couplings. This concept can be technically formulated in terms of the flavour symmetry arising in the considered Lagrangian in the limit of vanishing Yukawa couplings: the flavour group is a product of a U (3) factor for each field species in the given spectrum; in the SM case it is U (3)
5 [41] 1 . Yukawa terms are invariant under this flavour symmetry only promoting the Yukawa matrices to be fields transforming non-trivially under the non-Abelian part of U (3) 5 . In the original formulation [41] , the Yukawa spurions are non-dynamical fields, of vanishing mass dimension, that acquire specific background values, which exactly reproduce the measured fermion masses and mixing angles. Any non-renormalisable operator constructed with the SM fields is, eventually, made flavour invariant by suitably inserting the Yukawa spurions: once expliciting the background values, the strength of the effects induced by these operators in flavour violating observables is suppressed by specific combinations of fermion masses, mixing angles and CP violating phases. In consequence, once considering the constraints from flavour data, the scale Λ F of the new physics originating the non-renormalisable operators, can be of the order of a few TeV , instead of hundreds of TeV in the generic case [63] .
Although the MFV is a very predictive context, fermion masses and mixings are only described but not explained: no justification of the Yukawa background values is provided. Steps forward a completion of the MFV framework have been taken in Refs. [64] [65] [66] [67] (see also Refs. [68] [69] [70] [71] [72] ): the Yukawa spurions have been promoted to dynamical scalar fields and the corresponding scalar potential has been investigated. This analysis showed interesting, even if not conclusive, results: a minimum of the potential describes non-vanishing masses for the heavier charged fermions, two non-vanishing neutrino masses, almost no mixing in the quark sector, one maximal lepton mixing associated to a maximal Majorana phase, when considering the SM fermion spectrum extended by the addition of three right handed neutrinos.
Once a continuous symmetry is spontaneously broken, Goldstone Bosons (GBs) are generated. This possibility is typically avoided within the MFV context gauging (part of) the symmetry [51-55, 61, 62] . On the other side, surviving GBs may represent the key ingredients to deal with other open problems in the SM. The focus in this letter will be on the Strong CP problem and it will be shown that a GB arising from the spontaneous breaking of an Abelian term of the MFV symmetry U (5)
3 can be an axion.
The solution of the Strong CP problem proposed here in the MFV context follows the lines of the traditional QCD axion [73] [74] [75] : the U (1) factor that originates the MFV axion is not vectorial and it is explicitly broken by the colour anomalies; the so-called theta-parameter,
with G a µν ≡ ǫ µνρσ G aρσ and ǫ µνρσ the totally antisymmetric tensor such that ǫ 1230 = 1, can be redefined away by a shift symmetry transformation; exactly as for the QCD axion (see for example Ref. [76] ), the minimum of the MFV axion potential is in zero and in consequence the QCD CP violating term exactly vanishes.
The MFV axion differs from the traditional QCD axion and from the so-called invisible axions [77] [78] [79] [80] as the transformation properties under the axial U (1) factor are determined by the flavour structure of the SM fermions. Its associated phenomenology will be discussed in astrophysics, collider searches and in flavour observables, mainly focussing on meson decays.
The MFV axion manifests different signatures even with respect to the so-called Axiflavon or Flaxion, recently presented in Refs. [81, 82] , based on the pioneering paper in Ref. [83] . The Axiflavon is the GB arising from the spontaneous breaking of the flavour U (1) FN symmetry in the FN mechanism and its distinctive feature resides in its flavour violating couplings. On the contrary, the MFV axion presents flavour conserving couplings, but violating the flavour universality. The predictions for meson decays are therefore different.
The rest of the letter is structured as follows. Few selected features of the MFV context are reported in Sect. II. The MFV axion is presented in Sect. III. Its phenomenology is discussed in Sect. IV together with a comparison with the Axiflavon. Conclusive remarks can be found in Sect. V. More technical details are reported in the Appendix A.
II. THE MINIMAL FLAVOUR VIOLATION REVISITED
According to the modern realisation of MFV [41] [42] [43] [44] [45] , the SM fermionic kinetic terms exhibit a U (3)
5 flavour symmetry that can be decomposed into the product of an Abelian and a non-Abelian factor, G
(2) In the previous expressions, q L and ℓ L stand for the quark and lepton SU (2) L doublets, while u R , d R and e R for the quark and lepton singlets, each of them transforming as a triplet of the corresponding symmetry group; B and L refer to the Baryon and Lepton numbers, Y to the Hypercharge, PQ to the PQ symmetry, while the last Abelian symmetry factor corresponds to rotations on only the e R fields.
In order to guarantee the invariance under this flavour symmetry of the entire SM Lagrangian, the Yukawa matrices Y i are promoted to spurion fields
The Yukawa spurions then acquire background values, which explicitly break G NA F and describe fermion masses and mixings. A free choice for these values is the ensamble of fermion masses and mixing angles, that can be written as follows:
where m i are the fermion masses, V is the CKM mixing matrix and c i are global numerical factors, not larger than 1 2 . Neutrino masses and the PMNS mixing matrix, although their introduction through the Seesaw mechanism is straightforward, will not be tackled in this letter as the focus is the MFV axion and the solution of the strong CP problem.
Refs. [64] [65] [66] [67] showed how the non-Abelian symmetry G N A F deals exclusively with the explanation of the intergeneration hierarchies, but cannot fix the overall coefficients c i . On the other side, the hierarchies m b /m t and m τ /m t , that correspond to c b /c t and c τ /c t in the previous expressions, can be elegantly explainà la FN mechanism: one of the Abelian factors of the whole flavour symmetry can be taken as a true symmetry of the Lagrangian; charges can be chosen such that the only terms invariant under this Abelian factor are the ones of the up-type quarks, while those describing down-type quarks and charged leptons are initially forbidden. The latter terms originate only at the non-renormalisable level, after the addition in the scalar spectrum of a new field, the flavon Φ, transforming under this Abelian factor, which re-establishes the invariance under the symmetry.
The minimality criterium in terms of field content identifies U (1) PQ as the only candidate 3 , among the Abelian factors in G A F , to explain the intra-generation hierarchies: Baryon and Lepton numbers and Hypercharge are fixed by definition; U (1) eR does not affects down-type quarks and therefore would only explain the ratio m τ /m t ; although a double FN mechanism could be possible, taking both U (1) PQ and U (1) eR as true symmetries of the Lagrangian would lead to the introduction of two flavons, increasing the complexity of the model. Instead, as all the fermions potentially transform under U (1) PQ , this choice allows to explain both the rations m b /m t and m τ /m t by introducing a single scalar field. This is the strategy adopted in the following.
Without specifying, for sake of generality, the fermionic U (1) PQ charge assignment, the Yukawa Lagrangian reads as
where H is the Higgs SU (2) L doublet, H = iσ 2 H * , and x i are the PQ charges of the i field 4 . In this expression, the charge of the flavon Φ has been fixed to −1, without loss of generality. 3 Ref. [84] discussed a similar context, where the non-Abelian terms of the flavour symmetry are gauged and two distinct Abelian factors are considered to explain the ratio between the third family quark masses. The spectrum and flavour gauge symmetries lead to a different phenomenology with respect to the one discussed in Refs. [51, 55] and here. 4 The mixed use of a PQ flavon Φ and of the Yukawa spurions Y i may be puzzling. Indeed, at this level of the discussion, it is equivalent introducing a dynamical flavon Φ or treating its effects via a PQ spurion (see Ref. [44] for the latter case). Similarly, the Yukawa spurions may be promoted to be dynamical fields (see Refs. [64] [65] [66] [67] ). The discussion that follows and the results presented in this section are not affected by this choice. Instead, the
Once this flavon develops a VEV, Φ ≡ v Φ , and the Yukawa spurions acquire their background values, the Yukawa interactions read
where
It follows that the ratios between the third generation fermions are governed by the specific fermion PQ charge assignment:
where the ratios of the c i factors have been omitted as they are expected to be of the same order. The fact that the top mass is given by c t v/ √ 2 implies that c t ≃ 1 and it results in selecting as the simplest choice
for the quark doublets and up-quark singlets PQ charges. In consequence, the other charges must undergo the following relations,
where ǫ is still an unknown quantity at this level. An exact value for this parameter depends on the specific ultraviolet theory that originates the low-energy Lagrangian in Eq. (5). An estimation of the range of value it may acquire takes into consideration that ǫ should remain in the perturbative regime and that the value of v Φ is expected to be not so much smaller than Λ Φ (without a dynamical mechanism to explain it). In this letter, ǫ is taken in the interval [0.01, 0.3], consistently with previous studies on FN models [6, 7] . The logarithm in Eq. (9) softens the dependence on the exact value of ǫ: for ǫ inside its preferred interval, x d and x e − x ℓ are found in the range [1, 4] ; to fix a reference value that will be used in the phenomenological analysis,
corresponding to ǫ ∼ 0.23, i.e. the Cabibbo angle. Charged fermion masses and quark mixings do not help further to break the flat direction x e − x ℓ . On the other side, neutrinos masses introduce an additional condition: describing neutrino mass terms via the Weinberg operator [85] , invariance under U (1) PQ implies that this operator is written with 2x ℓ insertions of the flavon Φ,
necessity to describe the breaking of the PQ symmetry through a dynamical flavon resides in the origin of the MFV axion, as it will be explained in the Sect. III.
where Λ L is the scale of lepton number violation and g ν is the spurion field, transforming as (1, 1, 1, 6, 1) under G NA F , whose background value g ν ≡ g ν contains the information of the neutrino mass eigenvalues and the PMNS mixing matrix (see Ref. [42, 45] for details). Larger values of x ℓ implies that a lower scale Λ L is sufficient to explain the lightness of the active neutrinos. Moreover, requiring that the eigenvalues of g ν are not larger than 1 (as for c i in Eq. (4)), an upper bound on Λ L can be identified:
where ∆m 2 atm is the atmospheric neutrino mass squared difference. Ref. [45] (see Fig. 1 ) shows that, for x ℓ = 0, the present data on the µ → e conversion in golden nuclei largely excludes the parameter space for this model. A straightforward computation for x ℓ = 2 and ǫ = 0.23 easily reveals that the parameter space is practically excluded. This suggests that only two values, x ℓ = 0 and x ℓ = 1, should be considered in the phenomenological analysis that follows. Summarising, two scenarios will be studied 5 :
S0:
S1:
III. THE MFV AXION
The origin of an axion in this context is associated to the PQ flavon: if Φ is a complex scalar field, then it contains two degrees of freedom, which in the polar coordinates can be expressed as follows: in the PQ broken phase,
where ρ is the radial component and a, which can be identified with the axion, is the the angular one. The full scalar potential of the model presents three distinct parts:
In a part of the parameter space, the pure Φ-dependent scalar potential has a minimum corresponding to a nonvanishing VEV for Φ, v 2 Φ = µ 2 Φ /λ Φ . In the phenomenological section, it will be shown that v Φ is necessarily 5 The stability of a generic choice for these charges under the renormalisation group evolution has been discussed in Ref. [86] , specially considering the impact on axion couplings, which will be the subject of the next section. These effects could be relevant if the axion scale fa is relatively small, while for the values considered here they can be neglected.
large and this may represent a problem for the EW symmetry breaking (EWSB) mechanism: indeed the quartic |H| 2 |Φ| 2 coupling would contribute to the quadratic term of the pure H-dependent potential,
If no ad hoc cancellation between these two terms is invoked and for arbitrary values of λ HΦ , the new mass parameter µ ′ resides at the same, large scale of v Φ . In order to reproduce the expected value of the EW VEV, v ≡ 245 GeV fixed through the W gauge boson mass, it is then necessary to invoke a large value of the Higgs quartic coupling λ, describing in this way a strongly interacting scenario with a non-linearly realised EWSB mechanism. This is an intriguing possibility, especially considering the recent interest in non-SM descriptions of the Higgs sector, such as composite Higgs models [87] [88] [89] [90] [91] [92] [93] [94] [95] , dilaton models [96] [97] [98] [99] [100] [101] [102] [103] , or general effective Lagrangians [104] [105] [106] [107] [108] [109] [110] [111] [112] [113] [114] [115] [116] [117] [118] [119] [120] [121] . In this letter, however, the traditional EWSB mechanism will be considered, and this requires to invoke a fine tuning: either there is cancellation between µ 2 and λ HΦ v 2 Φ , or λ HΦ is artificially small.
On the other side, a large v Φ induces a large mass for the radial component ρ, that can be safely integrated out from the low-energy Lagrangian, leaving the axion a as the unique light degree of freedom of Φ.
The low-energy Lagrangian of the model can therefore be written as the sum of distinct terms:
Some comments are in order. The Yukawa matrices are the ones defined in Eq. (6) and the specific choice of the PQ charges in Eq. (13) has not been implemented yet, to keep general the discussion. The axion kinetic term is canonically normalised only after identifying its characteristic scale and the VEV of Φ,
keeping f a in the Lagrangian to match the notation in the literature. It is straightforward to perform axial transformations to the fermion fields in order to remove the axion dependence from the Yukawa terms. The resulting Lagrangian consists of the SM Lagrangian modified by the addition of interactions with the axion: while the complete list of terms can be found in App. A, the axion couplings with fermions and gauge bosons field strengths in the physical basis read
c aZZ =t
with for shortness t θ ≡ tan θ W and s θ ≡ sin θ W , being θ W the Weinberg angle.
As anticipated in the introduction, the MFV axion solves the Strong CP problem in exactly the same way as the traditional QCD axion, i.e. absorbing the θ QCD parameter by a shift symmetry transformation. Only two conditions must be satisfied: the first is that c agg = 0, which is consistent with Eq. (13), that explains the top Yukawa coupling of order 1 and the smallness of the bottom to top mass ratio; the second is that the VEV of the redefined axion field is vanishing. Table I reports the values of the c ai coefficients of the axion couplings to fermions and gauge field strengths in the physical basis for the two scenarios described in Eq. (13) . Of particular interest is that the ratio between the axion coupling to photons and that to gluons, which is typically a free parameter [122] [123] [124] [125] [126] [127] , is exactly fixed to 8/3, as in the original DFSZ invisible axion model. Notice that the common notation adopted in the literature makes use of effective couplings that can be expressed in terms of the c ai coefficients as follows:
where i = {γγ, ZZ, γZ, W W }.
IV. PHENOMENOLOGICAL FEATURES
Several studies have been performed to constrain the axion couplings to SM fermions and gauge bosons .
Two recent summaries can be found in Refs. [154, 155] . These bounds strongly depend on the axion mass, that also determines the stability of the axion at collider sizes. The main results will be reported in this section, translating the distinct constraints into limits on the axion scale f a .
Coupling to photons:
Astrophysical, cosmological and low-energy terrestrial data provides the strongest bounds on axion couplings, those to photons (the latest constraints have been recently published in Ref. [152] ): the upper bounds on the effective couplings can be summed up as [154, 155] |g aγγ | 7 × 10 
Notice that the bounds for masses between 10 eV and 0.1 GeV, which include the so-called MeV window, come from (model dependent) cosmological data [144] . On the other side, for masses larger than the TeV, no constraint is present. These bounds can be translated in terms of f a through Eq. 
These results hold for both the S0 and S1 scenarios, as c aγγ does not depend on the specific value chosen for x ℓ .
Coupling to gluons:
Collider mono-jet searches [141, 142, 146, 150] and axion-pion mixing effects [128, 130] 
Couplings to massive gauge bosons (collider):
Considering LHC data with √ s = 13 TeV, dedicated analyses on Mono-W (pp → aW (W → µν µ )) mono-Z (pp → aZ(Z → ee)) channels and the Z boson width put bounds on axion couplings to two W 's, to two Z's and to γZ: for m a 1 GeV [150] ,
In the S0 scenario, c aW W is identically vanishing and therefore the corresponding bound is automatically satisfied. Instead, the bounds on the aZZ and aZγ effective couplings translate into the following constraints on f a :
Different results holds for the S1 scenario, where x ℓ = 0:
Couplings to fermions and W 's (flavour): Studies on Compton scattering of axions in the Sun, axionic recombination and de-excitation in iones and axion bremsstrahlung [136] set very strong bounds on axion couplings to electrons for masses below ∼ 80 keV. Similar constraints are inferred from Compton conversion of solar axions [133] for masses up to ∼ 10 MeV. All together, the axion coupling to electrons is bounded to be c ae f a 5.2 × 10 −8 GeV −1 for 1 eV m a 10 MeV .
(29) Even more stringent bounds arise from observation of Red Giants [138] , but for a smaller range of masses:
When considering the explicit value of the c ae coefficient, that is the same for the two PQ charge scenarios, these constraints translate into bounds on the axion scale:
f a 3.5 × 10 9 GeV for m a 1 eV f a 5.8 × 10 7 GeV for 1 eV m a 10 MeV .
Rare meson decays provide strong constraints of axion couplings to quarks and to two W gauge bosons. For masses below ∼ 0.2 GeV, the most relevant observable is K + → π + + a, whose branching ratio undergoes to the following limit [132] :
For larger masses up to a few GeVs, the B + → K + + a decay provides the most stringent bound [135] :
In other analyses [149, 150, 155] , meson-to-axion decays, where the latter subsequently decays into two photons, are also considered: these observables are however inconclusive for the MFV axion model because the constraints on aγγ coupling are so strong that prevent any present or future signal at experiments for this class of observables. The two PQ charge assignment scenarios lead to distinct results when considering these observables. As the axion does not couple to up-type quarks (c au = 0), the two decays K + → π + + a and B + → K + + a can only occur at 1-loop level with the axion arising from the interaction with the internal W propagator, as for the S1 scenario. The constraints that can be deduced on g aW W read as [149] :
for m a 0. On the other side, in the S0 scenario, c aW W is vanishing and then these two decays are not generated even at 1-loop (but they should arise at the 2-loop level).
The axion mass and the ALP scenario:
Without an explicit soft breaking source of the shift symmetry, a mass term for the MFV axion may arise, as for the traditional QCD axion, from non-perturbative dynamics: the axion mixing with neutral mesons induces a contribution which is estimated to be [78, 156, 157] 
and not much larger than a few eV. Additional contributions may ariseà la KSVZ axion in the presence of exotic fermions that couple to the axion. Exotic fermions are typically present when constructing the underlying theory originating the effective terms in Eq. (5) (see for example Ref. [18] ) or are required from anomaly cancellation conditions in models with gauged flavour symmetries [51-55, 61, 62] : the largest mass contribution originated in these cases is of hundreds of eV, for values of the axion scale f a close to the TeV. Even considering possible contributions of this kind, one can safely conclude that the MFV axion mass is smaller than the keV, unless explicit shift symmetry breaking sources are introduced in the scalar potential. For these mass values the strongest constraints arise from the axion coupling to photons, Eq. (23), and to electrons, Eq. (31): the axion scale is necessarily larger than ∼ 10 10 GeV and ∼ 10 9 GeV, preventing any possibility to detect the MFV axion at colliders or in flavour searches. This represents a new example of invisible axion that solves the Strong CP problem as in the traditional QCD axion model: the θ QCD is reabsorbed by a shift symmetry transformation and the Lagrangian term in Eq. (1) is identically vanishing as the VEV of the redefined axion is zero. Perturbations to this solution may arise due to the running from the scale of PQ symmetry breaking down to the QCD scale and/or due to new physics contributions at high scale: however, the largeness of f a implies that these perturbations would be necessarily tiny. Other irreducible sources of explicit breaking are related to quantum gravity effects: they have been discussed for example in Refs. [158] [159] [160] [161] and are shown to be negligible under generic conditions.
On the other side, if a signal of detection that may be interpreted in terms of an axion is seen, it may be compatible with the MFV axion at the price of invoking an explicit breaking of the shift symmetry: in this case, the relation between the axion mass and its scale gets broken and the bounds aforementioned may be avoided. In the common language, this eventuality is refereed to as Axion-like-particle (ALP) framework, that received much attention from the community in the last years. This type of axions may not solve the Strong CP problem as the QCD scalar potential typically receives relevant contributions in this case: to solve the Strong CP problem it would be necessary that the scalar potential at high-energy allows a vanishing VEV at the minimum and that this configuration is maintained at the QCD scale. This mechanism is more general than the MFV axion under consideration and will be investigated in a separate project [162] .
In what follows, this last scenario will be considered, assuming a MFV axion mass much larger than the eV region. For masses of the order of the GeV, the strong bounds from the aγγ and aee couplings are easily evaded, and the next most sensitive observables are those from collider. For even larger masses, no bounds at all have been put.
Increasing the axion mass, however, its decay length decreases, and the axion may not be considered anymore stable at collider size and dedicated analyses should be in order. The distance travelled by an axion after being produced can be casted in the following expression [150] :
where the typical momentum considered is of 100 GeV. Selecting a benchmark region with m a ≃ 1 GeV and f a 60 TeV, as suggested by the collider bounds on c aW W in Eq. (28), its decay length is larger than hundreds of meters and is practically stable at colliders. For this benchmark region, all the bounds aforementioned are satisfied, including those from rare meson decays: in the S1 scenario, where c aW W = 0, the branching ratio for B + → K + + a decay (the K + → π + + a decay is kinematically forbidden) is predicted to be 10 −13 , much smaller than the expected future sensitivity of Belle II [163] . In the S0 scenario, the vanishing of both c au and c aW W implies that this process cannot occur at 1-loop, but only at 2-loop level, and therefore the predicted branching ratio is even smaller. Even turning the attention to processes that receive 1-loop contributions with down-type quark in the internal lines, such as D-meson hadronic decays, no interesting bound can be extracted: indeed, the D + → π + + a and D + s → K + + a decays are proportional to c ad in the S0 scenario, or to a combination of c ad and c aW W in the S1 scenario, and therefore are predicted to be non-vanishing in both the considered scenarios. However, for the benchmark region identified above, the branching ratios of these processes are smaller than 10 −15 and 10 −16 , which means that they are effects impossible to be seen experimentally.
Comparison with the Axiflavon:
The Axiflavon [81, 82] is the axion arising in the context of the FN mechanism and has flavour violating couplings, in the mass basis for fermions, predicted in terms of the FN charges, up to O(1) uncertainties. This represents a major difference with respect to the MFV axion: the presence of flavour violating couplings induces tree-level flavour changing neutral current processes, such as the meson decays described in the previous section. In consequence, the Axiflavon is more sensitive to the scale of new physics than the MFV axion. To satisfy the present bounds on K and B decays, the axion scale f a needs to be of the order of 10 10 GeV [82] , that approximatively coincides with the values necessary to pass the very stringent bounds on the aγγ and aee couplings. The Axiflavon is therefore an example of visible QCD axion, as it predicts low-energy flavour effects, despite of the very large value of the axion scale f a . On the other side, no signals are expected at colliders, as indeed effects in mono-W and mono-Z channels, and in the Z boson width are expected to be tiny and not appreciable in the future phases of LHC. As a final comment that helps distinguishing between the MFV axion and the Axiflavon is the prediction for the ratio between the axion coupling to photons and that to gluons: in the first model this ratio is strictly predicted to be 8/3, while in the second one it may vary within the range [2.4, 3] .
V. CONCLUSIONS
The MFV ansatz, beside leading to very predictive context to solve the BSM flavour problem, is a fascinating approach to attempt to explain the flavour puzzle. Besides the non-Abelian parts of the full flavour symmetry, the Abelian terms may be responsible for explaining the mass hierarchies between the third fermion families. The fermion charge assignment is however not vectorial and this opens the possibility to interpret the Goldstone boson arising from the spontaneous breaking of one of these terms as an axion that solves the Strong CP problem.
The MFV axion couplings are determined by the fermion charge assignments, which are almost all fixed by requiring that m t ∼ v/ √ 2, m b /m t and m τ /m t fit the measured values, and the predicted value for µ → e conversion in golden nuclei does not saturate the present experimental bound. The axion couplings with up-type quarks are identically vanishing, while those with downtype quarks, charged leptons, two gluons, two photons, two Z's, Zγ are all non-vanishing and fixed to specific values. The only freedom left is in the value of the axion coupling to two W 's: the choice for the charge of the lepton doublet x ℓ is not unique, but it can take the value x ℓ = 0, that identified the scenario S0 where aW W couplings is also vanishing, or the value x ℓ = 1, dubbed as S1 scenario where the MFV axion does couple to two W 's. The most constraining bounds affect the axion couplings to photons and to electrons: all in all, the axion scale f a needs to be larger than 10
8 GeV for masses smaller than 0.1 GeV. If follows that a MFV axion with masses below this value can be considered an invisible axion, as no effects are expected neither in low-energy experiments nor at colliders. With respect to other invisible axion models, such as DFSZ or KSVZ, the MFV axion has the advantages that its origin is not linked to an ad hoc introduction of the PQ symmetry, but follows naturally from an Abelian term of the SM flavour symmetry.
If a signal is seen in present or near future experiments that may be interpreted in terms of an axion, it would still be compatible with the MFV axion, but at the price of breaking the proportionality between its mass and its characteristic scale, invoking an explicit shift symmetry breaking. Indeed, for m a ≃ 1 GeV and f a 60 TeV, the bounds from aγγ and aee couplings do not apply, opening the possibility of low-energy signals. The next most sensitive observables are those at colliders, and in particular mono-W and mono-Z channels and modifications of the prediction for the Z-decay width are very promising. On the contrary, flavour processes, the most constraining being B → K + a decay (K → π + a one is forbidden kinematically), are extremely suppressed and much below the sensitivities expected at Belle II. This is due to the fact that the MFV axion couplings are flavour conserving, but flavour universality violating: in consequence, this axion does not give rise to flavour changing neutral current processes at tree level, but describes flavour changing processes at 1-loop level. This represents the major difference with respect to the Axiflavon model, where the axion does violate flavour and describes rare meson decays at tree level: the existing bounds from K → π + a and B → K + a decays constrain the Axiflavon scale to be larger than 10 10 GeV: for these values the bounds on aγγ and aee are satisfied, while all the effects at colliders are expected to be tiny and far from the expected future improvements.
To summarise, if no signal at all will appear neither at colliders nor in low-energy flavour experiments, then the only possibility is the one of an invisible axion with a very large scale f a , being the DFSZ, the KSVZ, the MFV axion and the Axiflavon all equally viable. The Strong CP problem can be solved by a shift symmetry transformation that absorbes the θ QCD parameter, with the QCD scalar potential that fixes to zero the VEV of the shifted axion.
If a signal emerges only at colliders, then this would be in favour of a heavy MFV axion, while disfavouring the Axiflavon. In this case, a precise measure of the axion couplings to photons and to gluons may be a smoking gun for the MFV axion model as the ratio between these two couplings is strictly predicted to be 8/3. A drawback of a heavy MFV axion is that the solution of the Strong CP problem is not guaranteed.
On the contrary, if a signal is seen only in rare flavour observables, then it indicates that the Axiflavon may be the correct axion candidate, while the MFV axion (light or heavy) would be disfavoured. Finally, if both type of signals are found, both at colliders and in rare meson decays, none of the two models would be able to naturally account for these events.
the axion couplings to the Yukawa terms are removed. The resulting Lagrangian is the sum of two terms, the SM one and a part containing all the axion couplings, δL : 
It is useful to re-express this Lagrangian in the physical basis for the gauge bosons. Using the following notation for the gauge field strengths, F µν = ∂ µ A ν − ∂ ν A µ and Z µν = ∂ µ Z ν − ∂ ν Z µ , and the same goes for W ± , the redefined Lagrangian reads as: 
with e the electron electric charge and c θ ≡ cos θ W for short.
